Abstract. Let Γ be a connected G-arc-transitive graph, let uv be an arc of Γ and let L be the permutation group induced by the action of the vertexstabiliser Gv on the neighbourhood Γ(v). We study the problem of bounding |Guv| in terms of L and the order of Γ.
Introduction
All graphs considered in this paper are finite, simple and connected. A graph Γ is said to be G-vertex-transitive if G is a subgroup of Aut(Γ) acting transitively on the vertex-set V(Γ) of Γ. Similarly, Γ is said to be G-arc-transitive if G acts transitively on the arc-set A(Γ) of Γ (an arc is an ordered pair of adjacent vertices). is transitive and (up to permutation isomorphism) independent of the choice of v. If Γ is a G-arc-transitive graph and L is a permutation group which is permutation isomorphic to G
Γ(v) v
, then we say that the pair (Γ, G) is locally-L. In [10] , the following notion was introduced: a transitive permutation group L is called graph-restrictive if there exists a constant c(L) such that, for every locally-L pair (Γ, G) and for every arc (u, v) of Γ, the inequality |G uv | ≤ c(L) holds. Proving that certain permutation groups are graph-restrictive is a classical topic in algebraic graph theory; for example, the famous result of Tutte on cubic arc-transitive graphs [8, 9] states that the symmetric group of degree 3 is graph-restrictive and the still open conjectures of Weiss [12] and Praeger [6] claim that every primitive as well as every quasiprimitive permutation group is graph-restrictive. The problem of determining which transitive permutation groups are graph-restrictive was proposed in [10] . A survey of the state of this problem can be found in [5] .
There are several reasons why one might like to control the order of the arcstabiliser G uv in a locally-L pair (Γ, G) even when the local group L is not graphrestrictive. While |G uv | can be arbitrarily large in this case, it would often suffice to obtain a good bound on |G uv | in terms of |V(Γ)|; for example, if |G uv | can be bounded by a reasonably tame function of |V(Γ)|, then the method described in [1] can be applied to obtain a complete list of all locally-L pairs on a small number of vertices.
Bounding |G uv | in terms of |V(Γ)| and the local group G
is precisely the goal that we pursue in this paper. In fact, it is not hard to see that there is always an exponential upper bound on |Aut(Γ) uv | in terms of |V(Γ)| (see Theorem 5) . It is thus very natural to ask for which local groups a subexponential upper bound exists. This question motivates the following definition. Definition 1. Let f : N → R be a function and let L be a transitive permutation group. If, for every locally-L pair (Γ, G) and every arc (u, v) of Γ, the inequality |G uv | ≤ f (|V (Γ)|) holds, then L is called f -graph-restrictive. On the other hand, if, for every integer n, there exists a locally-L pair (Γ, G) with |V(Γ)| ≥ n and |G uv | ≥ f (|V(Γ)|), then L is called f -graph-unrestrictive.
Note that, for each transitive permutation group L, there exists a function f such that L is both f -graph-restrictive and f -graph-unrestrictive (for example, let f (n) be the largest possible order of G uv in a locally-L pair (Γ, G) with Γ having order n). On the other hand, finding such a function explicitly is quite difficult in general. We therefore define graph-restrictiveness and graph-unrestrictiveness over a class of functions.
Definition 2. Let C be a class of functions. If L is f -graph-restrictive (respectively, f -graph-unrestrictive) for some function f ∈ C, then we say that L is C-graphrestrictive (respectively, C-graph-unrestrictive). If L is both C-graph-restrictive and C-graph-unrestrictive, then we say that L has graph-type C.
Given a transitive group L, we would like to find a "natural" class of functions C such that L has graph-type C. The classes of functions that will particularly interest us are: the class Cons of constant functions, the class Poly of functions of the form f (n) = n α for some α > 0 and the class Exp of functions of the form f (n) = α n for some α > 1. We also define the intermediate classes : the class SubPoly of functions of the form f (n) such that f (n) is unbounded and log(f (n)) log(n) → 0 as n → ∞ and the class SubExp of functions of the form f (n) such that
is unbounded and log(f (n)) n → 0 as n → ∞. Every transitive permutation group is Exp-graphrestrictive (see Theorem 5) . It is then an elementary exercise in analysis to show that a transitive permutation group has graph-type exactly one of Cons, SubPoly, Poly, SubExp or Exp.
Problem 3. Given a transitive permutation group L, find C in {Cons, SubPoly, Poly, SubExp, Exp} such that L has graph-type C.
We now give a brief summary of the results which are proved in the rest of the paper. In Section 2, we show that every transitive permutation group is Expgraph-restrictive. In Section 3, we show that the imprimitive wreath product of two non-trivial transitive permutation groups is Exp-graph-unrestrictive and hence has graph-type Exp.
In Section 4, we consider a permutation group L that is transitive and admits a system of imprimitivity consisting of two blocks A and B and show that L is Polygraph-unrestrictive unless L is regular. Moreover, we show that if the pointwise stabiliser of A in L is non-trivial, then L is actually Exp-graph-unrestrictive and thus has graph-type Exp.
In Section 5, we consider the imprimitive permutation groups of degree 6 that do not admit a system of imprimitivity consisting of two blocks of size 3. There exist five such groups up to permutation isomorphism. Two of them are imprimitive wreath products and hence have graph-type Exp. We show that the remaining three groups are SubExp-graph-unrestrictive. However, for none of these three groups we were able to decide whether it has graph-type SubExp or Exp.
Finally, in Section 6, we apply these results to solve Problem 3 for permutation groups of degree at most 7, except for the three undecided cases mentioned in the previous paragraph. It turns out that there is a unique transitive permutation group of degree at most 7 with graph-type Poly (namely, the dihedral group of order 12 in its natural action on six points) while there are many with graph-types Cons and Exp. On the other hand, we know of no transitive permutation group with graph-type SubPoly or SubExp. 
General exponential upper bound
In this section, we show that every transitive permutation group is Exp-graphrestrictive.
Theorem 5. Let L be a transitive permutation group and let
Proof. Let (Γ, G) be a locally-L pair, let n = |V(Γ)| and let (u, v) be an arc of Γ. Recall that a group A is called a section of a group B provided that A is isomorphic to a quotient of some subgroup of B.
We shall now recursively construct an increasing sequence of subsets S i of V(Γ) and a decreasing subnormal sequence of subgroups G i of G, 
Clearly conditions (i)-(iv) are satisfied with m = 1. Suppose now that for some k ≥ 0 the sets S 0 , . . . , S k and the groups G 0 , . . . , G k are defined and that they satisfy the conditions (i)-(iv) with m = k.
Let S be the set of all vertices of Γ that are fixed by G k and let S ′ be the vertexset of the connected component of
, then we let m = k and terminate the construction. Observe that in this case the group G m is trivial, as required by condition (v).
If S
′ is a proper subset of V(Γ), then it follows from the definition of S ′ that there exists a vertex in V(Γ) \ S ′ , say x, which is adjacent to some vertex, say w, in S ′ and which is not fixed by G k . Moreover, since Γ[S ′ ] is connected and contains at least two vertices, there exists a neighbour of w, say z, which is contained in
. We need to show that the extended sequences (S i ) i and (G i ) i still satisfy the conditions (i)-(iv) with m = k + 1. Indeed, since x is not fixed by G k , we see that |X| ≥ 2 and thus condition (i) holds. Similarly, conditions (ii) and (iii) hold by construction of S k+1 and G k+1 . To show (iv), observe that G k+1 is the kernel of the action of G k on X. Hence G k /G k+1 is isomorphic to the permutation group G X k induced by the action of G k on X. However, G X k can also be viewed as the permutation group induced by the action of G Γ(w) k on X, and is thus isomorphic to a quotient of G
wz . Since the latter group is isomorphic to L ω , this shows that condition (iv) holds as well.
The result of the above construction is thus a pair of sequences (1) 
Imprimitive wreath products
In this section, we show that the imprimitive wreath product of two non-trivial transitive permutation groups is Exp-graph-unrestrictive. We first need the following lemma.
Lemma 6. Let T be a transitive permutation group and let T ω be a point-stabiliser in T . Then there exists a sequence of locally-T pairs (Γ i , H i ), with |V (Γ i )| → ∞ as i → ∞, such that, for every i ≥ 1, the stabiliser of an arc of
Proof. There are several ways how to prove the existence of such a sequence. We construct it recursively using the theory of covering projections of graphs. We refer the reader to [3] for further information on this topic. In particular, we refer the reader to [3, Section 6] for the definition of a homological p-cover of a graph. Let k be the degree of T , let Γ 1 = K k,k be the complete bipartite graph with bipartition sets of size k, and let H 1 = (T × T ) ⋊ S 2 acting arc-transitively on Γ 1 in the natural way. Note that (Γ 1 , H 1 ) is locally-T and an arc-stabiliser has order |T ω | 2 . Suppose now that (Γ i , H i ) has already been constructed for some i ≥ 1. Let Γ i+1 be a homological 2-cover of Γ i and let H i+1 be the lift of H i along the covering projection Γ i+1 → Γ i (note that by [3, Proposition 6.4 ] the group H i indeed lifts along this covering projection). Note that the vertex-stabilisers in H i+i and in H i are isomorphic and, moreover, that they induce permutation isomorphic groups on the respective neighbourhoods. In particular, the pair (Γ i+1 , H i+1 ) is locally-T and an arc-stabiliser has order |T ω | 2 .
Theorem 7. Let R and T be non-trivial transitive permutation groups, let m be the degree of R and let T ω be a point-stabiliser in T . Then the imprimitive wreath product R wr T is f -graph-unrestrictive where
. In particular, R wr T has graph-type Exp.
Proof. Let ∆ and Ω be the sets on which R and T act, respectively. Then R wr T is a permutation group on ∆ × Ω. Writing Ω = {1, 2, . . . , k} yields that R wr T is isomorphic to the semidirect product R k ⋊ T where the action of (a 1 , . . . , a k ) ∈ R k and b ∈ T on ∆ × Ω is given by:
By Lemma 6, there exists a sequence of locally-T pairs (Γ i , H i ), with |V (Γ i )| → ∞, such that, for every i ≥ 1, the stabiliser of an arc of Γ i in H i has order |T ω | 2 . Let Λ i be the lexicographic product of Γ i with the edgeless graph on the vertex-set ∆, that is, the graph with vertex-set ∆× V(Γ i ) and two vertices (δ 1 , v 1 ) and (δ 2 , v 2 ) adjacent in Λ i whenever v 1 and v 2 are adjacent in Γ. Note that |V(
Observe that the imprimitive wreath product G i = R wr H i acts on Λ i as an arctransitive group of automorphisms and that the local group (G i )
Let (u, v) be an arc of Γ i and let (ũ,ṽ) be an arc of Λ i . Since Γ i is H i -arctransitive and Λ i is G i -arc-transitive, it follows that:
Since |V(Λ i )| → ∞ as i → ∞, the result follows.
System of imprimitivity consisting of two blocks
In this section, we consider a permutation group L that is transitive and admits a system of imprimitivity consisting of two blocks A and B and show that L is Polygraph-unrestrictive unless it is regular. Moreover, we show that if the pointwise stabiliser of A in L is non-trivial, then L is actually Exp-graph-unrestrictive.
To do this, we must first define the graphs C(k, r, s), which were first defined by Praeger and Xu [7] . Let r and s be positive integers with r ≥ 3 and 1 ≤ s ≤ r − 1. Let C(k, r, 1) be the lexicographic product C r [kK 1 ] of a cycle of length r and an edgeless graph on k vertices. In other words, V(C(k, r, 1)) = Z k × Z r with (u, i) being adjacent to (v, j) if and only if i − j ∈ {−1, 1}. A path in C(k, r, 1) is called traversing if it contains at most one vertex from Z k ×{y} for each y ∈ Z r . For s ≥ 2, let C(k, r, s) be the graph with vertices being the traversing paths in C(k, r, 1) of length s − 1 and with two such (s − 1)-paths being adjacent in C(k, r, s) if and only if their union is a traversing path in C(k, r, 1) of length s.
Clearly, C(k, r, s) is a connected 2k-valent graph with rk s vertices. There is an obvious action of the wreath product S k wr D r as a group of automorphisms of C(k, r, 1). (We denote the symmetric group and the dihedral group in their natural action on n points by S n and D n , respectively.) Moreover, every automorphism of C(k, r, 1) has a natural induced action as an automorphism of C(k, r, s). We use these graphs to prove the following result.
Theorem 8. Let L be a transitive permutation group of degree 2k with a system of imprimitivity consisting of two blocks A and B. Let L ω be a point-stabiliser and let L (A) be the pointwise stabiliser of A in L. Let ℓ ≥ 1 and m ≥ 2 be integers, let Γ = C(k, 2ℓm, m − 1) and let uv be an arc of Γ. Then there exists a group
Proof. Let K be the kernel of the action of L on {A, B}. Clearly, K is a normal subgroup of index 2 in L. Fix an element h ∈ L \ K and observe that A h = B and B h = A. We can label the points of A by Z k × {0} and the points of B by Z k × {1} in such a way that (x, 0) h = (x, 1) for every x ∈ Z k . With respect to this fixed labeling, we can view L as a subgroup of
To summarise, the action of h on A ∪ B is given by:
Let Λ = C(k, 2ℓm, 1). Recall that V(Λ) = Z k × Z 2ℓm and that S k wr D 2ℓm acts naturally as a group of automorphisms of Λ. We now define some permutations of V(Λ). Let (x, y) ∈ Z k × Z 2ℓm be a vertex of Λ, let (x, y) s = (x, y + 1) and let (x, y) t = (x, −y). Moreover, for any c ∈ S k and any i ∈ Z 2ℓm , let
Note that for every c, d ∈ S k and every i, j ∈ Z 2ℓm , we have
Clearly, s, t and [c] i are automorphisms of Λ. Note that t 2 = 1 and tst = s −1 . Moreover, for every i, j ∈ Z 2ℓm , we have (7) [c]
can be written in the form (1, b) with b ∈ S k , and moreover, an element (a, b) ∈ K belongs to L (A) if and only if a = 1. Now let
and note that M 0 ≤ Aut(Λ). For a ∈ S k and i ∈ Z 2ℓm , let χ(a, i) be the automorphism of Λ defined by
Note that for every a, b ∈ S k the following holds:
χ(a, i) and χ(b, j) commute whenever i ≡ j mod 2m,
2) and (10.3), one can see that N 0 is a subgroup of Aut(Λ). Recall that r is the element of S k such that h 2 = (r, r) and let σ = χ(r, −1)s.
Using (10.3) and (10.4), it is easy to see that, for i ∈ {1, . . . , 2m}, we have
For any integer i, let
We will now show that for every element (a, b) ∈ K and for every j ∈ Z 2ℓm , we have: , we see that also [a] j normalises M 0 , thus proving (13). By (9) and (13), for every element (a, b) ∈ K and for every j ∈ Z 2ℓm , we have:
In particular, since since (r, r) ∈ K, the group M 0 is normalised by χ(r, j). Together with (7), (11) and (12), the latter implies that:
Let us now show that the following holds for every (a, b) ∈ K and i, j ∈ Z 2ℓm :
Indeed: We shall now show that N m+i = N i . Let (a, b) ∈ K and observe that: Let us consider the automorphism τ of Λ defined by
Note that (7) and (15) imply
We shall now show that Let G = M, N, σ, τ . By (20) and (21), it follows that M and N are normalised by τ . By definition, they are also normalised by σ, implying that M, N is normal in G. Recall that V(Λ) admits a natural partition P = {Z k × {y} | y ∈ Z 2ℓm } and observe that P is in fact the set of orbits of M, N on V(Λ) and hence is G-invariant.
By the definitions of σ and τ , it follows that the permutation group induced by the action of G on P is isomorphic to the dihedral group D 2ℓm in its natural action of degree 2ℓm.
We will now show that M, N is the kernel of the action of G on P. Observe that it suffices to show that G/ M, N acts faithfully on P or, equivalently, that G/ M, N is isomorphic to D 2ℓm . We will show this by proving that σ 2ℓm , τ 2 and σσ τ are all contained in M, N . We begin by computing σσ Computing σσ τ is now easy:
By (3), we know that h 2 = (r, r) ∈ K and hence, by (17), χ(r, i)χ(r, m + i) ∈ N i and, in particular, σσ τ ∈ N . Now, Again, χ(r, i)χ(r, m+i) ∈ N i for all i ∈ Z 2ℓm and hence τ 2 ∈ N . Finally, by (11), we have
We have just shown that σ 2m , τ 2 and σσ τ are all contained in N , and therefore, that M, N is the kernel of the action of G on P, as claimed.
We shall now determine the order of M, N . Note that by (16), (17) and (22), the group N normalises M , implying that M, N = M N . Let us first determine the order of M ∩ N .
Let α be an arbitrary element of M ∩ N . Since α ∈ N , we can write
for some permutations a 0 , a 1 , . . . , a m−1 , b 0 , b 1 , . . . , b m−1 of Z k such that (a j , b j ) ∈ K for all j ∈ {0, . . . , m − 1}. If we write a j+m = b j , we obtain
with (a j , a j+m ) ∈ K for all j ∈ {0, . . . , m−1}. Now observe that for every i ∈ Z 2ℓm , the set Z k × {i} ⊆ V(Λ) is preserved by α. Furthermore, for every j ∈ {0, . . . , 2m − 1}, the restriction of α to Z k × {j} (when viewed as a permutation on Z k ) is in fact a j . On the other hand, since α ∈ M , such a restriction a j has to satisfy the defining property (1, a j ) ∈ K. Conversely, let a 0 , a 1 , . . . , a 2m−1 be arbitrary permutations of Z k such that (1, a j ) ∈ K for all j ∈ {0, . . . , 2m − 1} and let α be as in (24). We shall now show that α is an element of M ∩ N .
The fact that α is in M follows directly from (15) and from the fact that (1, a j ) ∈ K for each j. In order to prove that α ∈ N , it suffices to show that (a j , a j+m ) ∈ K (and thus χ(a j , j)χ(a j+m , j + m) ∈ N j ) for every j ∈ {0, . . . , m − 1}. Fix such an integer j and let a = a j and b = a j+m . Since (1, a) ∈ K and since h normalises K, it follows that (1, a)
To summarise, the intersection M ∩ N consists precisely of those α from (24) for which (1, a j ) ∈ K for all j ∈ {0, . . . , 2m − 1}. In particular,
which implies that
Thus:
We shall now turn our attention to the graph Γ. Recall that Γ = C(k, 2ℓm, m−1) and that the vertices of Γ are the traversing paths of length m − 2 in Λ; that is:
Further, recall that since every automorphism of Λ preserves the set of all such paths, there exists a natural faithful action of G as a group of automorphisms of Γ. Moreover, observe that for any fixed i ∈ Z 2ℓm , the group N acts transitively on the
, and that the group σ cyclically permutes the family {V i | i ∈ Z 2ℓm }. Since the latter family is a partition of V(Γ), this shows that N, σ (and thus G) is transitive on V(Γ).
Let v = (0, 1)(0, 2) . . . (0, m − 1) be a traversing path in Λ of length m − 2, interpreted as a vertex of Γ. Observe that the neighbourhood Γ(v) decomposes into a disjoint union of subsets
with Γ − (v) and Γ + (v) being blocks of imprimitivity for G v . Hence there is a natural identification of the sets Γ − (v) and Γ + (v) with the sets Z k × {0} and Z k × {m}, respectively. This induces an action of G v on Z k × {0, m}.
Recall that the sets A and B were identified with the sets Z k × {0} and Z k × {1}, which gives rise to a further identification of Γ − (v) with A and Γ + (v) with B (where (x, 1) ∈ B is identified with (x, m) ∈ Γ + (v)). In particular, G v can be viewed as acting on A ∪ B. Since Γ − (v) and Γ + (v) are blocks of imprimitivity for G v , so are A and B.
Observe that an element of G v , when viewed as acting on A ∪ B, preserves each of A and B setwise if and only if, when viewed as acting on V(Λ), it preserves each of the sets {i} × Z 2ℓm ∈ P. Now recall that the kernel of the action of G on P is M, N and hence the kernel of the action of G v on the partition {A, B} of A ∪ B is M, N v .
We shall now prove that G
is permutation isomorphic to L. We begin by proving that M
. Note that by (22), it suffices to prove that (M i )
for all i ∈ {0, . . . , 2ℓm − 1}. Clearly, if i ∈ {0, m}, then (M i ) v acts trivially on Z k × {0, m} and hence on Γ(v). Further, observe that both M 0 as well as M m fix the vertex v. Recall that a typical element of M 0 is of the form This shows that (j, 0)
By (4), this shows that τ −1 σ m , viewed as a permutation on A ∪ B, is equal to h. This concludes the proof of the fact that G
is permutation isomorphic to L. Since Γ is G-vertex-transitive and L is transitive, it follows that Γ is G-arctransitive. It remains to determine the order of the arc-stabiliser G uv of an arc uv of Γ. Since |V(Γ)| = 2ℓmk m−1 and the valence of Γ is 2k, it follows that |A(Γ)| = 4ℓmk
m . Further, since L is a transitive permutation group of degree 2k, it follows that |L|/2k = |L ω |, where L ω is a point-stabiliser in L. Using (25) for the order of G, we thus get the following:
Corollary 9. Let L be a transitive permutation group of degree 2k with a system of imprimitivity consisting of two blocks A and B, let L ω be a point-stabiliser in L and let
Moreover, if L ω = 1, then L is Poly-graph-unrestrictive; in fact, L is n α -graphunrestrictive for every α with 0 < α < log |Lω| log k .
Proof. For ℓ ≥ 1, let Γ ℓ = C(k, 4ℓ, 1). By Theorem 8 (applied with m = 2), there
Since |V(Γ ℓ )| = 4kℓ, the latter is equal to 
This proves that L is f -graph-unrestrictive for f (n) = n α , and, in particular, that L is Poly-graph-unrestrictive.
5.
Imprimitive groups of degree 6 that do not admit a system of imprimitivity consisting of two blocks.
The results proved so far in this paper together with previously known results are enough to settle Problem 3 for transitive permutation groups of degree at most 7 with the exception of three groups of degree 6 that are imprimitive but do not admit a system of imprimitivity consisting of two blocks of size 3 (see Section 6 for details). In this section, we will show that these three groups are SubExp-graphunrestrictive.
By [2] , there are five transitive groups of degree 6 that are imprimitive but do not admit a system of imprimitivity consisting of two blocks. Using the taxonomy of [2] , they are A 4 (6), 2A 4 (6), S 4 (6d), S 4 (6c) and 2S 4 (6). Note that 2S 4 (6) is in fact isomorphic to the wreath product Z 2 wr S 3 in its imprimitive action on 6 points, while A 4 (6) is isomorphic to Z 2 2 ⋊ C 3 viewed as a subgroup of index 2 in the wreath product Z 2 wr C 3 . The group A 4 (6) is thus a normal subgroup of index 4 in 2S 4 (6) and 2S 4 (6)/A 4 (6) ∼ = Z 2 2 . The remaining three groups 2A 4 (6), S 4 (6d) and S 4 (6c) are precisely the three groups L with the property that A 4 (6) < L < 2S 4 (6). The main result of this section is the following:
Theorem 10. Let L be a transitive permutation group of degree 6 that is imprimitive but does not admit a system of imprimitivity consisting of two blocks. Then L is f -graph-unrestrictive where f (n) = 4 √ n 3 −1 .
It will be convenient for us to describe the five groups L satisfying A 4 (6) ≤ L ≤ 2S 4 (6) as subgroups of the symmetric group on the set Ω = {0, 1, . . . , 5} in terms of generators. In what follows, we shall follow the notation introduced in [2] Then by [2, Appendix A], the groups A 4 (6) and 2S 4 (6) can be expressed as:
(28) A 4 (6) = a, e , and 2S 4 (6) = f, a, b .
The rest of the section is devoted to the proof of Theorem 10. In this endeavour, the following lemma will prove very useful. (For a graph Γ, a vertex v ∈ V(Γ) and a group G ≤ Aut(Γ), let G [1] v denote the kernel of the action of G v on Γ(v).) Lemma 11. Let Λ be a graph, let v be a vertex of Λ and let A and B be vertextransitive groups of automorphisms of Λ such that B A. Then, for every permutation group L such that B
be the epimorphism that maps each g ∈ A v to the permutation induced by g on Λ(v). Observe that
By the modular law, the latter equals (B ∩ A v )π −1 (L) and hence
In particular, the group A [1] v (being the kernel of π) is contained in C v and thus is equal to C
The proof of Theorem 10 makes use of certain cubic arc-transitive graphs having a large nullity over the field F 2 of order 2, the existence of which was proved in [4] . Let us explain this in more detail.
Let Γ be a graph with vertex-set V , let F be a field and let F V be the set of all functions from V to F, viewed as an F-vector space (with addition and multiplication by scalars defined pointwise). The F-nullspace of Γ is then the set of all elements x ∈ F V such that for every v ∈ V we have u∈Γ(v)
x(u) = 0.
The F-nullspace is clearly a subspace of the vector space F V and its dimension over F is called the F-nullity of Γ. We can now state and prove the crucial step in the proof of Theorem 10.
Theorem 12. Let L be one of the five imprimitive permutation groups of degree 6 admitting no blocks of imprimitivity of size 3. Let Γ be a connected cubic graph, let M be the F 2 -nullspace of Γ and suppose that M is non-trivial. Suppose further that Aut(Γ) contains two subgroups H and G with H acting regularly on the set of arcs of Γ, with G acting regularly on the set of 2-arcs of Γ and with H ≤ G. Let Λ = Γ[2K 1 ] be the lexicographic product of Γ with the edgeless graph 2K 1 on two vertices. Then there exists an arc-transitive subgroup C ≤ Aut(Λ), such that the pair (Λ, C) is locally-L and the stabiliser of an arc of Λ in C has order |M ||L|/48 ≥ |M |/4.
Proof. Let V denote the vertex-set of Γ. We will think of the vertex-set of Λ as F 2 × V . Observe that there is a natural embedding of G as well as of the additive group of
In this sense, we may view G and F Let us now show that B A. It is clear from the definition that B ≤ A. We have already noted that G normalises M . Moreover, H has index 2 in G and hence is normal in G. It follows that G normalises B = M ⋊ H. Note that A is generated by B, G and 1. Since 1 centralises B, this implies that B A.
Let v be a vertex of Γ and letṽ = (0, v) be the corresponding vertex of Λ. Let us now show that
Let a ∈ A. By (29), a = xg for some x ∈ N and g ∈ G. Then a ∈ Aṽ if and only if (0, v) = (0, v) a = (x(v), v g ) if and only if g ∈ G v and x ∈ Nṽ. Note that an element g ∈ G fixes v ∈ V(Γ) if and only if (when viewed as an automorphism of Λ) it fixesṽ. In this sense we can write G v = Gṽ. We have thus shown that Aṽ = NṽGṽ.
On the other hand, Bṽ = Aṽ ∩ B = NṽGṽ ∩ M H = MṽHṽ. To conclude the proof of (30), apply the epimorphism that maps each a ∈ Aṽ to the permutation induced by a on Λ(ṽ) to the equalities Aṽ = NṽGṽ and Bṽ = MṽHṽ.
We shall now prove that the permutation groups B
are permutation isomorphic to the groups A 4 (6) and 2S 4 (6), respectively. Let Γ(v) = {s, t, u} and label the six neighbours (0, s), (1, s), (0, t), (1, t), (0, u), (1, u) ofṽ by 0, 3, 2, 5, 4, 1, respectively. Since H acts regularly on the set of the arcs of Γ, it follows that H Since M = 0 and Γ is connected and arc-transitive, there exists x ∈ M such that x(v) = 0 and x(s) = 1 (in particular, x ∈ Mṽ). Since x belongs to the F 2 -nullspace of Γ, it follows that x(t) + x(u) = 1. Let γ be the permutation of Λ(ṽ) induced by the action of x on Λ(ṽ). Since Mṽ is normalised by Gṽ, it follows that M 
and
and hence N Λ(ṽ) v has order at least 8. On the other hand, N Λ(ṽ) v acts trivially on the partition {{0, 3}, {1, 4}, {2, 5}} of Λ(ṽ), and is therefore a subgroup of f, f a , f
Finally, if we combine (30), (31) and (32) we obtain A
= e, e a , a = a, e . Hence, by (28), we see that
In particular, this shows that B
. Since B is normal in A, Lemma 11 implies that there exists C ≤ Aut(Λ) with B ≤ C ≤ A, A [1] v = C [1] v and such that the pair (Λ, C) is locally-L.
Since A and C are both transitive on V(Λ) and since A [1] In order to apply Theorem 12 to prove Theorem 10, we need to establish the existence of appropriate cubic arc-transitive graphs with large F 2 -nullity. The existence of such graphs follows immediately from [4, Construction 8, Proposition 9], where the following was proved:
Theorem 13. For every positive integer m there exists a connected cubic graph of order 6 · 2 2m and F 2 -nullity at least 4 · 2 m which admits an arc-regular group of automorphisms H and a 2-arc-regular group of automorphisms G such that H ≤ G.
We can now combine Theorem 12 and Theorem 13 to prove Theorem 10.
Proof of Theorem 10. Let L be one of the five imprimitive permutation groups of degree 6 admitting no system of imprimitivity with blocks of size 3. Let m be a positive integer. By Theorem 13, there exists a connected cubic graph Γ m of order 6 · 2 2m and F 2 -nullity at least 4 · 2 m which admits an arc-regular group of automorphisms H m and a 2-arc-regular group of automorphisms G m such that 6. Transitive permutation groups of degree at most 7
In this section, we determine the status of Problem 3 for L a transitive permutation group of degree at most 7. The results are summarised in Table 1 , where we use the notation from [2] .
Since L has degree at most 7, it follows that L is graph-restrictive if and only if it is regular or primitive (see [5, Proposition 14] ). In this case, L has graph-type Cons. We may thus assume that L is neither regular nor primitive. Since permutation groups of prime degree are primitive, it thus suffices to consider the cases when L has degree 4 or 6.
The only transitive permutation group of degree 4 which is neither regular nor primitive is D 4 . This group is permutation isomorphic to the imprimitive wreath product Z 2 wr Z 2 and, by Theorem 7, has graph-type Exp.
We now consider the case when L has degree 6. Suppose that L admits a system of imprimitivity consisting of two blocks of size 3 and let A be one of these blocks. If L (A) = 1, then by Corollary 9 L has graph-type Exp. If L (A) = 1, then it is easily checked that L must be permutation isomorphic to D 6 . It follows by Corollary 9 that L is Poly-graph-unrestrictive. On the other hand, it follows from [11, Theorem A] that D 6 is Poly-graph-restrictive and hence D 6 has graph-type Poly. It thus remains to deal with transitive permutation groups of degree 6 which are imprimitive but do not admit a system of imprimitivity consisting of two blocks of size 3. As we saw in Section 5, there are five such groups, two of them are wreath products and hence have graph-type Exp. As for the remaining three, it follows from Theorem 10 that they are SubExp-graph-unrestrictive. Unfortunately, for none of these three groups we were able to decide whether it has graph-type SubExp or Exp.
